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NOMENCLATURE
specific heat
Ds. third Damkdéhler number, QY. ,./hy

J. time-mean normalized Shvab-Zeldovich con-
centration.
R (B=B. ) Bo—p.ror =7 ¥ye—7,)0
J. mstantdneous J:
J fluctuation of J, J—J:
g. ( ] )“ :
h. enthalpy ;
M, molecular weight;
P(J)., probability density function ;
Q. heat of reaction per g of oxygen:
r mass consumption numbcr.
You VM /Y vocM
T, temperature ;
Y. mass fraction:
z, (J =)o (2)2.
Greek symbols
By S-Z \(lri(lbh, Yoo MY, v, M, or
QoM = YoV M
I viscosity, or most probable value of .J ;
¥, stoichiometric coefficient :
p. density ;
g, standard deviation of Gaussian distribution.
Subscripts
0, reference, t.e. wall, initial, ctc. ;
0Xx, oxygen:
0.5, locations where Y,./Y, ., = (0.5
Ean ambient.

SEVERAL investigators have assumed a probability density
function (pdf) for the instantaneous Shvab—Zeldovich con-
centration variable J in a turbulent diffusion flame. The
problem is to recover the oxygen concentration Y,,, fuel
concentration Y, enthalpy h, and density p from the pd(for J.
Spalding [1] initiated the concentration fluctuation model

*The authors are grateful for support from the National
Bureau of Standards, Fire Research Center and the Products
Research Committee. Many valuable comments by Dr. F.
Tamanini are much appreciated. The opinions expressed
herein are those of the authors and not of the Products
Research Committee.

and Elghobashi and Pun [2], Lockwood and Naguib [3].
Shih and Pagni[4] and Tamanini [ $] have applied Spalding’s
model to flame phenomena. A clipped Gaussian curve,
characterized by a most probable value g and a standard
deviation a, as shown in Fig. |, is assumed. The values of J
and ¢, obtained numerically ateach grid node in the flow field.
implicitly specify 4 and o which then define ¥ N’M i hand p
and their time-means for flows where fi and 5 obey the same
equations and conditions. However, the ImphClt nature of
these expressions requires inconvenicnt and expensive
numerical calculations. This motivated the present study
which utilizes the character of the Gaussian pdf to provide
direct explicit expressions for Y, . Y, h, and p in terms of J
mainly and g weakly. The two parameters, u and ¢, which
play minor roles in the physical system are eliminated from
the numerical procedure.

It has been observed [6 &] that the instantaneous fluc-
tuations due to turbulence can often be represented with a
Gaussian  distribution.  The clipped form for the in-
stantancous Shvab-Zeldovich concentration is written as
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FiG. 1. Typical clipped Gaussian probability density fun-
ctions are shown for a wide range of physical conditions.
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F1G. 2. Time-mean Shvab-Zeldovich concentration and squared concentration fluctuation are shown as
functions of the most probable J parameterized in the standard deviation of J.

where

__* andz = d-r

0.(2)1/2 Y d{z)l/z'
U(¢) is the unit-step function used to restrict Jto 0 < J < 1,
and 4(t) is the Dirac delta function used to normalize the
distribution.

Figure 1 shows three typical distributions which, from left
to right, correspond physically to the probabilities of J for
flows near ambient conditions, a reaction region, and fuel-
rich region. The fluctuations and thus the standard deviation
o are largest within the flame brush where the largest mean
concentration gradient and therefore the maximum pro-
duction of fluctuations occurs.

Any time-mean quantity ¢ can be evaluated using

R(z) = exp(=2?), 2, =

1
¢= f FUIPUYJ. S

0

From equation (2) and integration by parts, one obtains

J(p, 0) = 3[1—perf(z,,) — (1 —p)erf(zy)]

+(—2;")17 [R(zo)-RGEo)l. ()

and
glu, o) = §{1 —erf(zy) — (1* + %) [erf(z,,) —erf(z,)]}
+ gz (w0 + @R

—[200+ ()2 u]R(z0)} —J2. (4)

Equations (3) and (4) are plotted in Fig. 2. In the range
0.3 < u <0.7, the time-mean value, J, is equal to the most
probable value u. For extreme values of u or large o, since
more area under the Gaussian curve is clipped, J deviates
more from g In the laminar case where o = 0, J equals u
always. The extremes <0 and u > 1 occur in unmixed
regions. In principle, equations (3) and (4) or Fig. 2 can yield a
table of 4 and ¢ in terms of the variables J and g which are
numerically obtained at each grid node from the turbulent
flame analysis [2, 3, 5]. The interpolated values of u and o
from the table subsequently yield Y,,, Y, h and p through
equation (2). This calculation procedure is inevitably com-
plex.

The present study seeks explicit expressions for Y, Y h
and p in terms of J and g. It is easily shown that if a quantity ¢
varies Gaussianally in the interval a < ¢ < b, the most

probable ¢ coincides with the mean ¢ when the mean ¢
equals 0.5(a+b). The solid curve in Fig. 1, for u = 0.5, shows
that, since the distribution is assumed Gaussian, J = y = 0.5
regardless of the variation of ¢. This behavior, due to
symmetric tail clipping when u = 0.5, is very useful.

Assuming infinite kinetics, equations (2) and (3) with the
definitions of J and f give the time-mean oxygen con-
centration as

Youltt 0,7} Yos o0
=31 +erf(z,) + (u+ p/r)[erf(zg) —erf(z,)]}
+(6+0/r)[R(z,) — R(zo)]/(2m)'

(. 12
Zs = (1 +r .u)/a(z)

r= Ynx,oovfo/Yf,OvuxMox'

(5)

where

and

The mass consumption number, r, defined as the ratio of the
relative available oxygen Y,, ./}, to the stoichiometrically
required oxygen v,.M,./v. M [9] plays an important role in
both laminar and turbulent diffusion flame analyses. Whene-
ver Y,., Y, and h are recovered from the Shvab-Zeldovich
concentration J, this parameter r will appear in expressions
such as equation (5). Again from the definition of J and
equation (2), the other time-mean variables are obtained in
terms of J and Y, as:

Yy/Yro = (141 —r(1 = Yo/ Yo ),
hiho = (1=D3)J + D3(1 = Yo/ Yor ),

(6)
(7)
and

pipo = (1+ C, To/ho)/(hfhg + C, T, /hy)

.
h= j

T

are assumed in equation (8). Since ¥,, varies from zero to

Yox,» Y, coincides with the most probable ¥,, when Y,

= 0.5Y,, . for all values of o. The value of u corresponding to
Y, = 0.5Y,,  is obtained from equation (5) as

Ho.s = r/2(1+r). %)

This variable helps exploit the symmetry of the assumed
distribution. Once Y, ., and the fuel are specified, y, 5 is
specified ; typically, 0 < uy 5 < 0.3.

@)

where

C,dT x C,(T—T,)and T'/T « 1
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FiG. 3. Normalized oxygen concentration is shown as a function of normalized p parameterized in the
standard deviation of J.
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F1G. 4. J, s 1s shown as a function of the mass consumption number parameterized in the standard deviation.
The weak ¢ dependence is eliminated when J, s is suitably normalized.

Since equations (6)-(8) are only functions of ¥,  and J, a
simple expression for Y,.(J, g) would provide all the desired
species and temperature variables explicitly in terms of J and
g. Finding this Y, (J, g) is accomplished by converting the
independent variables y and o in equation (5) to J and g.
Figure 3shows Y,,/Y,, ,, asafunction of 4/, s parameterized
in . The similarity among these curves, which converge at
Yo/ Yor = 0.5 and p/po s = 1, suggests representing all
distributions with a single curve. Consider first the region u
< lty.s. Odd symmetry will later be used to obtain the region
H> Hos- )

J is a more natural variable than u to describe V,./Y,. .
since both Y, and J are time-mean values. In this form the o-
dependence becomes weak and p is eliminated from the
analysis. The distributions shown in Fig. 3 are approximated
by a single equation when J is normalized on J s, the value of
J when Y,,/Y,, . = 0.5. This expression is

Y, Yorw = 1—=J2Jg 5, for 0 < J < Jg 5

%o (10)
where

Jos % (26740 5 +2.2242 5)(0.3—0.46)+ 040  (11)

and
6 2 g'2{034+4.55u 5

~10.29p3 s+ 7.65u3 5) 12 (12)
are obtained by curve-fitting.

Figure 4 shows J, s from equations (3) and (9) para-
meterized in 6. It was noted that J(0,¢) = 040 and J(0.3,0)
x 0.3and that [Jo s —J(0,6)]/[J(0.3,6) — J (0, 6)]} is approxi-
mated by the first polynomial on the right of equation (11),
also shown in Fig. 4. Since J; 5 is nearly linear in y, 5, second
order suffices. The four coefficients in equation (12) were
chosen to satisfy four arbitrary conditions on g{u,¢) from
equation (4): g(0,0) = 0.3462, g(0.1,0) = 0.75¢%, ¢{0.2,0)
= 0974*% and g(0.5,6) = ¢*. Third order adequately repre-
sents ¢ (ug s). Equations (11) and (12) appear accurate to
within 2% for all u and ¢ < 0.2. The error in Y,, is J/2J3 5
times the error in J, 5. Equations (10)-(12), called here the
“flame-brush profile equations” are key results in this ana-
lysis. They can be used to evaluate Y,, and thus Y, h and p
directly from J and g without obtaining the intermediates p
and .
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Now consider the region pos<pu ie Jys<J <
JQuqs, 6) J < Jgs is described above. J > J(2uqs, o)
implies Y,, = 0. Figure 3’s odd symmetry suggests the image
variables  YA/Y, = 1-Y, /Y., and  u*/pgs.
Since equation (10) is only valid for J < J, s, an image J* is
required for any J > J, 5. This J* in equation (10) yields a
Yo?:/y;x,oo and the desired sz/Yox.m = l'_y;:c/y:zx,m' To find
J*, first convert the known J to a y using Fig. 2, then p to u*
from the above definition and finally 4* to J* again from Fig.
2.Since r < 1, po.s €03 and J(2ug.5,0) <06 from Fig 2
which also shows that for 0.4 <J <06, u=J. For J,;
<J <04, ie. 0 <u<04inFig 2, a second order fit u(J)
is used
1= [0y 5~ 0yt 507 ~J3 5 +0.16%)(J ~ 040)

+{Jo.5 040 —po s+ 01y 5)
% (J2—0.1662 }/L{Jo.s + 046704~ 0 )
+0(J35—016)]. (13)

This p gives a u* in the range 0-pq 5. Writingequation (13)in
terms of u* and J* and inverting gives J*(u*) which, with the
u* found above, gives the required 0 < J* < Jg 5.

In summary, turbulent transport equations are used to
obtain J and g at each point in the flow field. Equation (9)
gives y, 5 in terms of the parameter r and equations (10)-(12)
yield Y, (¥, .. 7, J, g)- The remaining species and tempera-
ture time-mean variables are then given explicitly by equa-
tions (6)—(8) as functions of Y,, J, g, » and D;. Systems which
can not be approximated with a clipped Gaussian pdf [10]
require more general expressions than equations (10-{12).
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NOMENCLATURE

parameter characterizing the liquidus line
[equation (18)];

= (k/D)'"* [equation (13}];

specific heat ;

mass-fraction of solute ;

diffusion coefficient ;

function;

partition coefficient ;

thermal conductivity ;

latent heat of fusion;

thickness ;

slope of liquidus line;

principal fusion parameter [equation (18)];
heat flux;

position of solid-liquid interface

[£, equation (10a)];

time [y, equation (10a)]:

temperature [V, equations (16)];

distance from exposed surface [ X, equation (13)].
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=]
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n

BN

Greek symbols
8, {icg/x1 )" [equation (13)];

* This work was supported by the Office of Naval Research.

1, ratio of liquid to solid diffusivities
[equation (18)];
K, diffusivity ;
A similarity coefficient in constant surface
temperature solution;
o, density.
INTRODUCTION

THE PROBLEM of solidification (or melting) of mixtures has
received attention for a number of years both from fundamen-
tal and practical points of view (cf. [1]). Analytical solutions
of the corresponding coupled heat- and mass-transfer
boundary-value problem have been discussed for semi-
infinite bodies under sudden changes of surface temperature
{e.g. [2-4]). The response to these special conditions has been
found to be characterized by similarity, and by constancy of
concentration in the solid, and in both phases at the interface.
The present work examines a slab, solidifying under arbi-
trarily time-dependent cooling conditions at the surface, and
derives a solution in series form. Neither similarity nor the
special behavior alluded to earlier prevails in this solution.

FORMULATION OF THE PROBLEM

Consider a slab (0 < x < L), initially (¢ = 0} liquid with
temperature T;, and with solute concentration €, under
prescribed cooling conditions at x =0 and (to fix ideas)



